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Realizing that the internal structure of nucleons undergoes appreciable changes through 

embedding into nuclear matter the finite nucleus is considered from the outset as a correlated 
system of quarks. As an appropriate approximation scheme we introduce an extended bag model, 
i.e. a bag with nuclear radius containing all 3n quarks of the n-nucleon system. As the direct 
interaction we choose a SU(3)-invariant generalized pairing force which is supposed to contain 
the major effects of the more general term. As a result of the calculations containing a.o. a 
rigorous diagonalization of the total Hamiltonian, the characteristic properties of the conven-
tional (nuclear) shell structure are reproduced: The spin orbit splitting appears now as a property 
of the relativistic single quark states, and the independent nucleon states are represented by cor-
related 3-quark-clusters. In addition, the nuclear radius law follows directly from a normal value 
of the vacuum pressure. 

1. Introduction 

There is, by now, def ini te evidence that the inner 
(quark-)structure of the nucleon is essentially 
changed through its embedding into nuclear matter : 
A recent CERN-exper iment showed this effect with 
the help of deep inelastic //-scattering on Fe [1]. O n 
the other hand, this fact is also suppor ted by theo-
retical arguments: If the structure of the f ree 
nucleon is described with the help of a so-called bag 
model — we take here the example of the MIT-bag 
[2, 3] — it turns out, as well-known, that the corre-
sponding radius R is of the order of the average 
distance of the nucleons in nuclear matter . This 
means that an overlap and hence a de fo rma t ion of 
the original structure cannot be prevented. Another 
(tentative) argument follows f rom a detai led boson 
theoretical calculation of the b inding energy of 
nuclear matter: It turns out that a ma in part of the 
binding stems f rom a so-called b lock-diagram, i.e., a 
genuine 2-pion exchange in relation to the inner 
excitation (A-resonance) of the nucleon. In this way 
a relatively strong admixture of A -states is p roduced 
which again corresponds to a change of the inner 
structure [4], (This fact is to some extent s imilar to 
the well-known polarization effect in chemical b ind-
ing.) From a more general viewpoint one might thus 
say that a finite nucleus should be visualized as a 
correlated system of 3n quarks ra ther than an 
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/7-nucleon system. Therefore , the quest ion arises 
whether there is any hope to tackle the problem of 
nuclear structure directly f rom such a compre-
hensive quark theoretical viewpoint. The scope of 
this paper is to give a partial answer to this 
question: It will be shown that the characterist ic 
nuclear propert ies connected with conventional shell 
structure are obta ined in a natural - if not simpler 
— way by starting directly f rom this enlarged 
scheme. At the same t ime it will be realized that the 
new quark structure exhibits characteristic correla-
tions which may be interpreted as strongly de-
formed nucleons within nuclear matter. 

The first step of our work consists in the intro-
duction of a suitable approximat ion scheme for this 
new 3«-quark ( fermion) system. According to 
various well-known examples (atomic and nuclear 
shell structure, solid state physics) the following 
method is widely used: In a lowest approx imat ion 
the fermions are supposed to be independent but 
under the influence of a c o m m o n average potential . 
As far as the low-lying states are considered (this is, 
in fact, mostly the case) one starts with a compact ly 
filled shell and introduces the direct interact ion as 
an addit ional , not necessarily small term in the 
Hamil tonian. The practical success of this enormous 
simplif icat ion stems f rom the fact that, th rough the 
Pauli principle, the effect of the direct interact ion is 
strongly reduced. Within this f r ame we try a similar 
scheme for the nucleus as a system of quarks which 
are now moving independently in a new kind of 
average potential: It appears natural to replace this 
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" fo rma l" potential by the well-known surface condi-
tions successfully introduced in the MIT-bag model 
for the nucleons. i.e. for the 3-quark system. At the 
same time, we assume again the existence of a 
characteristic surface pressure B [2] (supposed to be 
due to the gluons of the degenerate Q C D vacuum 
[5]) in order to provide an equi l ibr ium against the 
inner pressure of the quarks. In short, our model 
consists of the assumption that the spherical f ini te 
nucleus could be considered as an "overal l" bag, 
i.e. a bag with 3/7-quarks and a radius equal of 
nuclear dimension. The decisive part of this scheme 
consists, however, in the introduction of the direct 
interaction between the quarks (we will in t roduce a 
simplified expression which is practically uniquely 
determined through general principles) and the cor-
responding exact diagonalization of the total Hamil -
tonian of the system. Although this model looks at 
first sight very different f rom the conventional 
nuclear shell model , it will be shown that the 
characteristic experimental propert ies remain un-
changed. 

2. The Quark Model for the Nucleus 

True to our program the main assumptions of the 
MIT-bag [2, 3] for light hadrons are taken over into 
the "overall" nuclear bag: We thus have indepen-
dent (non-strange) quarks described by the (relativ-
istic) Dirac spinors yjkT which contain indices for 
colour (,k - 1, 2, 3) and flavour ( r = ± 1/2 or u p / 
down) and have to satisfy the characterist ic bound-
ary condition on the spherical surface with nuclear 
radius R: in addi t ion we have to fulfill the f u n d a -
mental condition about vanishing total colour of the 
system. The only differences are thus the choice of 
R and the fact that we now have 3n quarks which 
will occupy also levels of higher quan tum numbers , 
i.e. in particular higher spins. The equat ion deter-
mining if/kT reads (with the quark mass w): 

(x • p + ßm) y/kr= ey/kT (la) 

for A* < R. together with the boundary condi t ion 
for A = R. 

x-x/.x y/kT = i ß ykx. (lb) 

The first task is the calculation of the single-quark 
spectrum (e) def ined by this system as funct ion of 
the radius R and the quark mass m. 

Before looking in the details of this spectrum it is 
important to check the behaviour of the total 
energy E (defined as the sum of the occupied 
single-particle levels e) as a funct ion of n (for 3/? 
quarks) and R. It turns out that the characteristic 
equi l ibr ium condit ion of the MIT-model , namely [2] 

-dE/cR = 4n B R2, (2) 

where B represents an appropr ia te value for the 
"universal" outer pressure due to the (degenerate) 
vacuum, leads for all values of n and a suitable 
choice of the quark mass m in reasonable approxi-
mation to the well-known radius law for spherical 
nuclei, i.e. R = 1 .3n W i [fm]. It is, in fact, important 
to realize that B may be assumed to be approxi-
mately constant all over the periodic table. At the 
same time, our B differs very little f rom the value 
used in the MIT-nucleon bag [3]. With m = 
270 [MeVJ we obtain for B: B1/4 = 127 [Me'V] 
(against BW4= 100 [MeV]). For this reason formula 
(2) represents in a most natural way the constancy 
of nuclear density (saturat ion) which, by now. 
appears related to the vacuum pressure B. 

We should mention that Eq. (2) is slightly too 
complicated for the practical de terminat ion of R: 
we use. therefore, the approx imate relation 

(which is strictly correct for massless quarks) in 
order to convert (2) into the form 

E{n.R) = 4 nBR} (3) 

which holds, of course, only for the equi l ibr ium 
value of R. 

In a next step the single quark spectra (£) are 
looked at in connection with the corresponding 
spectroscopic assignments, i.e. the values of angular 
momen tum / and of pari ty (the combinat ion of both 
defines the orbital angular m o m e n t u m /). Choosing 
for in a value between 2 0 0 - 3 0 0 MeV it turns out 
that this spectrum is practically identical with the 
well-known Mayer-Jensen level scheme of conven-
tional nuclear shell structure. This amounts to say 
that the characteristic (half phenomenological) spin 
orbit coupling term of the original non-relativistic 
model is now replaced by a relativistic effect of the 
Dirac Eq. ( l a ) in relation to the fundamenta l sur-
face condition (1 b). (It was checked that a generali-
zation of this condit ion by a posi t ion-dependent 



mass m (r) of the quarks might lead even to a more 
accurate representat ion of the conventional 
scheme.) If these quark levels are compact ly filled 
according to the Pauli principle one thus obtains in 
a natural way the closed (double-magic) shells. It is 
most important to realize that the fundamenta l con-
dition of vanishing total colour is automatical ly 
satisfied in this case. On the other hand, the situa-
tion is fundamenta l ly d i f ferent in the case of open 
quark shells: Even if the condit ion about vanishing 
colour is taken into account , the remaining degener-
acy of all possible 3 n qua rk states is still (due to the 
additional degrees of f r eedom) by far too large with 
respect to the nuclear case which corresponds, of 
course, to the empirical facts. On the other hand, it 
is easy to construct qua rk states which in fact 
exhibit the propert ies of the expected nuclear states: 
They form, however, only a small subspace. It is 
thus clear that the introduct ion of a direct inter-
action between the quarks (which plays an impor-
tant role already in the original bag model) repre-
sents a decisive step: It will split this high degener-
acy and should thus single out the expected special 
(nuclear) states as those with lowest energy. 

3. The Direct Interaction between the Quarks 

The main part of this work consists, in fact, in the 
introduction of a sui table quark-quark interaction: 
Realizing that Q C D does not yet provide a rigorous 
expression and that the problem could by no means 
be treated in an exact way if this interaction is of a 
general type, we make a decisive simplifying 
assumption: We assume that our interaction should 
have the well-known character of a pair ing force 
and that it should satisfy the fundamenta l principle 
of SU(3)- invar iance. The first assumpt ion is a 
natural consequence of the fact that the range of the 
direct interaction is small with respect to the d imen-
sion of the system. This argument was, in fact, 
successfully appl ied in conventional nuclear struc-
ture as well as in superconduct ivi ty where it also 
plays a decisive role; it amounts to say that the 
pairing matr ix elements of the true interaction have 
an overwhelming inf luence and that the remaining 
part may be treated as a per turbat ion. 

If we introduce for the moment the addi t ional 
simplifying hypothesis that the interaction should 
act only between quarks within a given /-shell we 

are led to the following expression Pf. 
3 

/=i 
3 j 

A,= X X eikiak(m, +1/2) 
k. 1=1 m = —j 

• a/(—m, — 1/2) (— \ y~m (4) 

(the gj are the coupling constants, a , ( m , ± 1 / 2 ) 
represents the annihi la t ion opera tor of the state 
specified by the colour indexes i, the magnet ic 
quantum number m and the f lavour index x with 
the two values r = ± 1 /2) . 

It is readily seen that this force acts on pairs of 
quarks which are coupled to total angular momen-
tum zero and, at the same t ime, ( through the totally 
anti-symmetric e-symbol) to a colour anti tr iplet 
state. It was impor tan t to realize that this expression 
is (apart f rom just one different , but i nappropr i a t e 
choice which contains a coupl ing to a colour sextet 
state) uniquely de termined by our two assumptions. 
Although our force P, looks ra ther d i f fe ren t f rom 
the expression used so far in the MIT-bag model for 
the nucleon, it has been checked that its action 
within the 3-quark system yields qu i te similar 
results: In fact, a detai led calculation showed [6] 
that the spectrum of excited states induced by our 
term agrees to some extent with the exper imenta l 
values, provided that gj is chosen in an appropr i a t e 
way ( fo ry '= 1/2). It turns out that gj is so large, that 
perturbat ion theory fails. Hence we are confronted 
with the problem of an exact d iagonal iza t ion of the 
total Hamil tonian H of our quark system which 
now contains the interaction term Pr 

More specifically we consider now a core of com-
pletely filled shells containing 3 nc quarks and a last 
shell with index / filled part ial ly by 3 n7 quarks. 
Thus the total n u m b e r of quarks is 3 n = 3 nc + 3 n, 
and H has effectively the form: 

H= Ec+3nj£j+ Pj= Ho+Pj, (5) 

where the core energy Ec can be t reated as a con-
stant. It is impor tant to remark that we have to 
single out f rom the very beginning the eigenstates 
which satisfy the addi t ional fundamen ta l condit ion 
of vanishing total colour because only such states 
are physically relevant. 

The explicit (and exact) d iagonal izat ion of H 
(for arbitrary values of rij and /) is now carried 



through with help of ra ther sophist icated group-
theoretical methods [6] of which we will give here 
just a short survey. 

4. The diagonalization of the total Hamiltonian 

The general Nrquark eigenstate of the unper-
turbed Hamil tonian H 0 containing A,- quarks within 
the open /-shell is writ ten in the fol lowing way: 

Nj 

r= 1 

a*y and represent the emission and absorpt ion 
operators, respectively, where the index i s tands for 
colour (as before) whereas a stands for the index 
pair (m, ± 1 / 2 ) of magnet ic and isospin q u a n t u m 
number and the subindex indicates the var ious 
quarks. According to our p rogram the first task is to 
single out the states of vanishing total colour: start-
ing with the simplest example we consider the 
operator 

A+(y.. /?, y) = X tiki atßafy. (6) 
i.kj 

When applied to the vacuum, this opera tor pro-
duces a 3-quark state with total colour zero (in 
particular, when we restrict ourselves to the lowest 
shell (S 1/2), we p roduce in this way the nucleon 
and the J -par t ic le ) . 

For a general value rtj, a natural colour-f ree 
3 « - q u a r k states yi) is obta ined by the produc t 
operator: i.e. 

"i 
V> = ILA+(*„ßrtyr) 0 ) . (7) 

r= 1 

Now. the important point of this construct ion lies in 
the fact that this expression yields all possible 
colour-free states, provided that the 3 « ; single 
particle indices a,., /?,., yr, ((/•= 1 , . . . , « ) are varied 
arbitrarily: we thus proved that expression (7) ex-
hausts all possibilities. 

In a next step a fundamenta l grouptheore t ica l 
property of our colour free states (7) is proved. 
They form, in fact, the representat ion space for a 
well-defined irreducible representat ion of the special 
unitarity group SU (A) with N = 2(2j + 1). T h e 
infinitesimal elements of this g roup act in a natura l 
way on our states by means of the following opera-
tors: 

,V 3 

d = Z d?ß Z a iß • (8) 
y..ß=\ /= 1 

The numbers d^ß are the components of an anti-
hermitean and trace-free matrix d. i.e. d+ = — d and 
trd= 0. Note that the linear m a p d ^ d yields a 
representation of the Lie algebra of SU (A) which, 
by construction, commutes with the colour rota-
tions. It thus follows that this representat ion, which 
is defined on all quark-states, restricts to a represen-
tation on the colour-free states alone. The decisive 
point is that it acts, in fact, irreducibly on this space 
and may, therefore, be completely classified by its 
maximal weight. In the notation of [7] we f ind that 
it is equal to 3/„.. This representat ion could also be 
characterized by a Young-diagram with 3 rows and 
rij lines: in this form, our result is a s t ra ight forward 
generalization of the characterizat ion of spinless 
systems in atomic physics within the Russel-Saunders 
coupling scheme [8]. 

In a third step we have now to de te rmine the 
(reduced) symmetry of the total Hami l ton H which, 
of course, does not commute with all the opera tors 
given by [8]. In order to describe the inf ini tes imal 
operators of this new symmetry we add an addi-
tional restriction on the an t ihermi t ian matr ices d 
occurring in [8]: If d represents complex conjuga t ion 
we obtain: 

d= TdT~] , 

where T is the "l inear t rans format ion" def ined by 

T m, ± 1 /2) = ( - \ )'-m+w2±w2\-m, + 1 / 2 ) . 

While this smaller set of operators d now c o m m u t e s 
with the total H it represents at the same t ime a Lie 
algebra which is i somorphic to the Lie a lgebra of 
the special orthogonal g roup SO (A), ( the last equa-
tion states in fact that d is essentially a real anti-
symmetric matrix). If we restrict the cor respondence 
cl d (according (8)) to this smaller Lie a lgebra the 
action on our states (7), we obta in , of course, a 
representation of SO (A) but it will now be in 
general a reducible one; e.g. the space of the states 
(7) will split in well-defined subspaces which are 
irreducible with respect to SO (A). On the o ther 
hand also the various eigenspaces of H correspond 
to characteristic representations of the invariance-
group SO (A). As a main result it turns out that 
those are (apart f rom one exception) also irreducible 
representations (i.e. SO (A) represents a max ima l 
invariance group). In particular, there is practically 
a one-to-one correspondence between these eigen-
spaces and the representat ion-spaces of SO (A) 



mentioned before. These impor tan t facts are imme-
diately seen by proving (with the help of an ex-
tended computat ion) that the pair ing opera tor P j in 
H may be expressed in terms of the Casimir 
operators C\(N) and C2(N) for the representa t ion 
(8) of SU(JV) and SO (A), respectively: 

r = - 9 j (N-2)C}(N)- NC2(N) 

+ 2NN~°p 2 Nop (9) 

Nop is the number operator and can be replaced by 
its eigenvalue 3 t i j . (This fo rmula again shows that 
SO (TV) is a symmetry g roup of H.) By now it is 
clear how we can achieve the exact d iagonal iza t ion 
of H: We just have to de te rmine explicitly the irre-
ducible components contained in our ( reducible) 
representation of SO (AO; acting in the space of 
colourless states (7). Group- theore t ica l ly this means 
that we have to de termine the corresponding maxi-
mal weights. In such an i rreducible componen t , P j 
and hence / / , are necessarily diagonal (being sums 
of Casimir operators!); moreover , we obta in the cor-
responding eigenvalues of H simply by inserting the 
eigenvalues of the Casimir operators (these values 
are readily computed f rom the highest weights by 
means of a classical fo rmula [7]). 

As a first important result of this p rocedure we 
may state that H has the following eigenvalues (in 
the space of 3 «/-quark states with vanishing colour): 

E(l,) = Ecore+3njej (10) 

-gi(ni(N+3-ni)-lj(N+3-lj)), 

where /,• takes on integer values with 0 = // = min 
(nhN-nj). Recall SO (AO acts i rreducibly in each 
eigenspace (except for nt = N/2, when the cor-
responding eigenspace splits again into two compo-
nents). At the same t ime our construction allows in 
principal the detailed de te rmina t ion of all eigen-
states (in part icular the var ious degeneracies) of H. 

5. Nuclear Shell Model States in Terms 
of Quark States 

Having determined our energy eigenvalues, we 
have to discuss now the s tructure of the correspond-
ing eigenspaces. In fact, it turns out that the energy 
eigenstates still exhibit a characterist ic degeneracy; 
if we look, however, at the explicit s t ructure of the 

eigenspace corresponding to the lowest e igenvalue 
(// = 0) it turns out as a main result of our analysis 
that the general properties of these lowest energy 
states correspond exactly to those expected f rom the 
corresponding open shell states (without direct 
interaction) of the conventional Mayer-Jensen shell 
model for nucleons, i.e. the same degeneracy and 
same quantum numbers for the angular m o m e n t u m 
and isospin. etc. occurs. As an example the eigen-
states for rij = 1, lj = 0, e.g. three quarks in an open 
shell read explicitly 

*>= Z at,At 0> (11) 
k= 1 

(compare Eq. (4) for the explicit form of A*). 
Recalling that i stands for an index pai r of 

angular momentum m and isospin r, it is imme-
diately realized that this state (which is SU ^ - i n -
variant, compare Eq. (7)) has the correct q u a n t u m 
number of a nucleon in the corresponding shell, e.g. 
this expression simulates a pro ton or a neut ron with 
angular m o m e n t u m m. The expression (11) could be 
visualized as a quark pair (A*) coupled to a kind of 
valence quark which bears the q u a n t u m n u m b e r of 
the corresponding nucleon. It might thus be inter-
preted as the (strongly) de fo rmed quark s tructure of 
a nucleon embedded in nuclear mat ter (note that 
0 ) denotes a closed-shell core). Moreover , the 

/7,-nucleon states in this shell are naturally given by 
the products of the corresponding opera tors /', 
setting 

3 

By. = X • 
k = \ 

these states can be written in the form: 
"j 

1=1 

It may be directly checked that these expressions 
are, in fact, eigenstates of H. bu t it is by no means 
trivial that they yield the full eigenspace of the 
lowest eigenvalue. This fact represents the m a j o r 
result of our detailed mathemat ica l analysis. [6], 

This means that we have, by now, establ ished a 
perfect one-to-one relation between the lowest states 
of our quark model and the states obta ined by 
filling in the shells of the conventional s t ructure by 
independent nucleons (the characterist ic opera tors 
By, in Eq. (12) correspond to the emission opera tors 
of entire nucleons). Note that all these states are 



degenerate within the f ramework of this new pic-
ture; it appears thus of decisive importance to take, 
in the course of fur ther developments , an addi t ional 
interaction between these nucleon substructures into 
account. In our quark theoretical case this renewed 
splitting will be automatical ly obtained by intro-
ducing a more refined realistic quark-quark inter-
action. 

Having thus realized the correspondence to con-
ventional shell structure, the quest ion arises how to 
interpret the large number of high-lying excited 
states Et. which are, of course, characteristic for our 
model. F rom a comparison with the 3-quark system 
it follows that all these excitation energies are of the 
same order of magni tude as the inner excitation of a 
free nucleon (i.e. J -exc i ta t ion) . In fact we would 
like to suggest that these new states are in a certain 
sense related to those obta ined in the conventional 
structure by the inner excitation of the various 
nucleons. This hypothesis which needs, however, a 
further and more detailed analysis, allows an empir-
ical determinat ion of gj . It turns out that g s can be 
conveniently parametr ized in the form g j = 120/ 
( 2 / + 1) [MeV], The parameters of our model are 
now completely specified and we have checked that 
nuclear masses and radii are in fact correctly re-
produced. 

6. Conclusions 

The main results of the explicit calculations in the 
f ramework of our nuclear bag model are thus the 
following: 

1. The general saturat ion propert ies (i.e. the well-
known radius law) as well as the characteristic spin 
orbit splitting of shell s tructure follow, so to speak, 
in a natural and most direct way f rom our relatively 
simple and intuitive basic assumption. These two 
facts are by no means trivial: The calculation of the 
density of nuclear matter (which is equivalent to the 
determinat ion of the radius) represents, as far as 
conventional nuclear theory is concerned, an enor-
mous and so far not definitely solved problem: It 
depends essentially on the explicit (and compli-
cated) form of the NN-force as well as on the intro-
duction of rather refined mathemat ical approx ima-
tion schemes (i.e. Bethe-Brueckner theory, with the 
hole-line expansion or the Fermi-hypernet ted-chain 
approximat ion scheme). In our case this value is 

determined directly through the fundamenta l outer 
pressure B in connection with the single particle 
energies of the occupied quark states. The same 
situation holds in the case of the spin orbit splitting: 
In the conventional case the de terminat ion of the 
(phenomenological) single particle (L • 5')-potential 
also represents a diff icul t and not definitely solved 
problem (the corresponding terms in the nucleon-
nucleon force which are mainly due to the (»ex -
change appears not to produce the full a m o u n t 
needed). In the quark theoretical case, again, the 
splitting follows most naturally as a (relativistic) 
property of the Dirac equat ion in connection with 
the characteristic surface condit ion. 

2. The typical propert ies of conventional shell 
structure (including the assignments and degeneracy 
of the states corresponding to the various shells) are 
again reproduced in a natural way. In part icular , it 
is seen that the magic numbers are now found as a 
consequence of the Pauli principle applied directly 
to the fermion system of quarks. This fact appears 
of importance for the following reason: In conven-
tional shell s tructure the nucleons have to be as-
sumed to be exactly identical in order to apply this 
principle. In view of the fact that the nucleons 
within nuclear mat ter are, as we have seen, rela-
tively strongly polarized (some estimates ment ion a 
degree of about 7%) [9] this assumpt ion is, in fact, 
not satisfied. A more detailed analysis of the situa-
tion might show that this polar izat ion effect could, 
so to speak, wipe out the characterist ic (and experi-
mentally well established) energy steps of the 
separat ion energies at the posi t ion of the magic 
numbers [10]. F rom a more general viewpoint one 
might say that these characterist ic energy steps 
could be taken as a hint that the system in quest ion 
is, in fact, composed by ideal fermions, i.e. the 
quarks which, therefore , satisfy the Pauli principle 
exactly [11], 

In conclusion it might be ment ioned that this 
model is based on a relatively small n u m b e r of 
phenomenological parameters : Mass m of the 
quarks, vacuum pressure B and coupling constants 
g, (supposed to be all of the same order of magni-
tude). It thus appears of greatest interest to interpret 
B f rom a general q u a n t u m chromodvnamica l view-
point [5]. On the other hand, the values for g, would 
be obtained f rom an explicit calculation of the 
various pairing matr ix elements with the help of a 
more basic expression of the direct quark-quark 



interaction. In the f ramework of our approach this 
force acts only through these special matr ix ele-
ments which are supposed (according to the general 
principles of pairing theory) to contain the most 
important part of the complete interaction matr ix. 
In a further development a large n u m b e r of more 
general matrix elements must be de te rmined; they 
might, however, be considered as a per turba t ive 
part of the total Hamil tonian. Among many other 

effects they have to replace the direct nucleon-
nucleon interaction of the conventional scheme. 
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